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SYMMETRIC GIBBS MEASURES

KARL PETERSEN AND KLAUS SCHMIDT

ABSTRACT. We prove that certain Gibbs measures on subshifts of finite type
are nonsingular and ergodic for certain countable equivalence relations, includ-
ing the orbit relation of the adic transformation (the same as equality after
a permutation of finitely many coordinates). The relations we consider are
defined by cocycles taking values in groups, including some nonabelian ones.
This generalizes (half of) the identification of the invariant ergodic proba-
bility measures for the Pascal adic transformation as exactly the Bernoulli
measures—a version of de Finetti’s theorem. Generalizing the other half, we
characterize the measures on subshifts of finite type that are invariant under
both the adic and the shift as the Gibbs measures whose potential functions
depend on only a single coordinate. There are connections with and impli-
cations for exchangeability, ratio limit theorems for transient Markov chains,
interval splitting procedures, ‘canonical’ Gibbs states, and the triviality of
remote sigma-fields finer than the usual tail field.

1. INTRODUCTION

It has long been known that many Gibbs measures on (topologically mixing)
subshifts of finite type (SFT’s) are not only ergodic but are, in fact, K (they
satisfy the Kolmogorov 0-1-law in that they have trivial (one-sided) tail fields). In
fact the two-sided tail field is also trivial; another way to state this is to say that
they are ergodic for the homoclinic or Gibbs relation (the countable equivalence
relation R4 in which two sequences are equivalent if and only if they disagree in
only finitely many coordinates, i.e. if and only if they are in the same orbit under
the action of the group T of finite coordinate changes). We prove that these Gibbs
measures, which include the Markov measures fully supported on the subshift,
are also nonsingular and ergodic for many cocycle-generated subrelations of the
homoclinic relation, including the symmetric relation S4 in which two sequences
are equivalent if and only if one can be obtained from the other by a permutation
of finitely many coordinates. On a one-sided SF'T this orbit relation for the action
of the group II of permutations of finitely many coordinates is the orbit relation of
the adic transformation, and ergodicity of this equivalence relation is the same as
ergodicity of the adic transformation.
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Our interest in these matters arose from the study of the dynamics of adic trans-
formations, which were defined by A.M. Vershik (see [55]) as a family of models
in which the cutting and stacking constructions of ergodic theory are organized
in a way that makes them conveniently accessible to combinatorial analysis, and
which has certain universality properties (such as containing a uniquely ergodic
version of every ergodic, measure-preserving transformation on a Lebesgue space
[54]). ‘Transversal flows’ had been investigated by Sinai [48], Kubo [28] and Kowada
[25, 26], and also by S. Tto [23], who proved ergodicity of the adic transformation
on an SFT for its measure of maximal entropy, a particular case of our Theo-
rem 3.3. Adic transformations for actions of amenable groups were constructed
by Lodkin and Vershik [34]. For the Pascal adic transformation (first defined by
Vershik [53]), i.e. the adic transformation on the full shift, the ergodicity of Gibbs
measures (including Bernoulli and Markov measures) is closely related to classical
investigations of exchangeability and the triviality of remote sigma-fields. Given a
(usually finite-valued) stochastic process Xg, X1,... with (usually shift-invariant)
distribution p, we have the sigma-algebra 7 of shift-invariant sets, the tail field
Fi = Npso B(Xn, Xnt1,...), and the exchangeable sigma-algebra £ consisting of
all sets invariant under the group II of permutations of N that move only finitely
many coordinates. (As sub-sigma-algebras of the product sigma-algebra of count-
ably many copies of a fixed measure algebra, Z C F£ C &, and the inclusions can
be proper. In the two-sided case there are also F, the sigma-algebra generated
by FI and F, and the two-sided tail Foo = (1,5, B(X; : |i| > n).) Already for
the case of the full shift, invariance and ergodicity under the symmetric subrelation
S;" of the Gibbs relation R, of X1 leads to interesting results. A. M. Vershik
[private communication] observed that the nonatomic, ergodic, invariant probabil-
ity measures for the Pascal adic transformation on the 2-shift are in one-to-one
correspondence with the Bernoulli measures on ¥3. By using dyadic expansions
to regard this Pascal adic transformation as an infinite interval-exchange map on
the unit interval [0, 1], one may recognize it as the map studied by Arnold [3] and
proved by Hajian, Ito, and Kakutani [17] to be ergodic (with respect to Lebesgue
measure) and later used by Kakutani [24] to prove the uniform distribution of
his interval splitting procedure. (The connection was also noted in [49]. See [41]
for more about interval splitting.) The Hewitt-Savage 0-1-law [19] says that for
i.i.d. random variables £ is trivial, i.e. consists only of sets of measure 0 or 1
(Bernoulli measures are S;'-ergodic). This was extended to Markov measures by
Blackwell and Freedman [4]. There are analogous statements for the two-sided case
.. X_1,X0,X1, Xo,..., where there are past, future, and two-sided tail fields to
deal with. It took some time to sort out the relationships among the various tail
fields [16, 21, 22, 32, 36, 37, 39, 38|, to understand the representation of measures as
mixtures in terms of the theory of Choquet simplices and ergodic decompositions
[8, 7, 9, 42, 44, 56], and to investigate exchangeability in more general contexts
[8, 7, 13, 20, 30, 42, 51]. For a survey of exchangeability, see [2]. Diaconis and
Freedman [7] gave a necessary and sufficient condition for a measure to be a mix-
ture of Markov measures, in terms of ‘partial exchangeability’'—invariance under
the subgroup of II that preserves transition counts (as well as symbol counts). They
also gave a general theory of ‘sufficient statistics’, describing how to present the (in
some sense) most general symmetric measure as a mixture of extremal ones [8].
Several workers in statistical mechanics considered ‘canonical’ or ‘microcanonical’
Gibbs states, in the construction of which symbol counts, or the values of some
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other ‘energy function’, are fixed in finite regions. The point was to find the ex-
tremal measures in at least some classes of examples and thereby obtain a mixture-
representation theorem for the most general such measures. Georgii [13, 14] found
that certain Markov measures qualify. Similar results were obtained by Lauritzen
[30], Hoglund [20], and Thompson [51].

We prove (Theorem 3.3) that many Gibbs measures, including all mixing Markov
measures, are ergodic under certain subrelations of R4 which include the equiva-
lence relation S, that corresponds to permutation of finitely many coordinates
(or, equivalently, eventual equality of accumulated symbol counts). As a corollary,
(letting k£ = 2 for simplicity) taking ¢(x) = 9(x) = cxo in Theorem 3.3, we find
measures [t that are ergodic and invariant under the adic on the SFT X4, i.e.
symmetric or exchangeable, when sequences are constrained to lie in the SFT X 4
(see Examples 5.1, 5.3, and 5.4). Similar results hold when 1) is a function of only
finitely many coordinates of x. Using a well-known formula (see [40, p. 22]), one
can recover explicit expressions for these Gibbs states (cf. [13, 14, 20, 30, 51]). As
a consequence of the ergodicity of Markov measures for Sj; we obtain some point-
wise ratio limit theorems for adic transformations whose direct combinatorial proofs
appear to be quite difficult (Section 7.4). Further, we identify all the probability
measures on SFT’s that are invariant simultaneously for the shift and the symmet-
ric relation S4 (Theorem 6.2). More generally, we prove ergodicity of certain Gibbs
measures under subrelations S:ﬁ of R4 defined by cocycles generated by functions
134 — G, where G is a ‘nearly abelian’ countable discrete group—see 3.13 and
Theorem 3.3; the symmetric relation S4 is of this kind for a particular . The
dynamical and abstract approach provides a common framework for the diverse
questions and results scattered through the literature and also leads to some inter-
esting problems, mentioned in the final section of the paper, for example whether
these measures are weakly mixing and whether there are some implications for
various kinds of interval splitting or for the statistical mechanics of materials.

The authors thank C. Ji, U. Krengel, and A. M. Vershik for their suggestions
that contributed significantly to the progress of this work, and the referee for several
improvements in the presentation.

2. BACKGROUND

In this section we review the elements that we will need from the general theory
of Borel equivalence relations, define adic transformations, and recall what is known
about ergodic invariant measures for the Pascal adic transformation on the 2-shift.

2.1. Borel equivalence relations. First we establish the basic terminology and
notation concerning Borel equivalence relations that will be needed later (cf. [10,
11, 47)).

Let (X, B) be a standard Borel space, and let R C X x X be a discrete Borel
equivalence relation, i.e. a Borel subset which is an equivalence relation, and for
which in addition the equivalence class

R(z)={2' € X : (z,2') e R}

of every point z € X is countable. Under this hypothesis the saturation

R(B) = J R(2)

zeB
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of every Borel set B € B is again a Borel set. The full group [R] of R is the group
of all Borel automorphisms W of X with Wx € R(xz) for every x € X. There exists
a countable subgroup G C [R] such that

Gz ={gx:g9€ G} =R(x)

for every x € X. A sigma-finite measure p on B is quasi-invariant under R if
w(R(B)) = 0 for every B € B with u(B) = 0; it is ergodic if, in addition, either
u(R(B)) =0 or p(X ~R(B)) =0 for every B € B.

Let u be a probability measure on B which is quasi-invariant under R. Then p is
also quasi-invariant under every W € [R]. In particular, if G C [R] is a countable
subgroup with Gz = R(z) for every x € X, then one can patch together the Radon-
Nikodym derivatives dug/du, g € G, and define a Borel map p,,: R —— (0,00) C R
with the following properties:

(1) pu(Wz,x) = (duW /dp)(x) p-a.e., for every W € [R],

(2) pulx, 2" )pu(2',2") = pu(z,2") whenever (z,2'), (z,2"”) € R.
The map p,, is the Radon-Nikodym derivative of i under R, and p is (R-)invariant
if pu(z,2’) =1for all (z,2") e R\ ((X x N)U(N x X)), where N € B is a p-null
set.

2.2. The main examples. In order to describe a class of adic transformations of
particular interest to us we assume that V.= (Vi, k > 0) is a sequence of finite,
nonempty sets and put Xv =[], Vi, with the product of the discrete topologies.

Two elements x = (z), 2’ = (z}) in Xv are comparable (in symbols: = ~ ') if
xy, = z}, for all sufficiently large k > 0. The set

(2.1) Ry = {(z,2') € Xv x Xy 1z ~ 2’}
is a Borel set and an equivalence relation, and each equivalence class
(2.2) Rv(z)={2' € Xy :2' ~ 2}

of Ry is countable. In other words, Ry is a discrete, standard equivalence relation
in the sense of [10]; it is called the homoclinic equivalence relation or Gibbs relation
of Xv. More generally, if Y C Xy is a nonempty closed set, we denote by

(2.3) Ry =Ry N (Y xY)

the Gibbs relation of Y, and observe that Ry (y) = Ry(y) NY and Ry (B) =
Rv(B)NY for every y € Y and B C Y. The following conditions on Y are easily
seen to be equivalent:

(T1) the equivalence relation Ry on Y is topologically transitive, i.e. there exists
a y € Y whose equivalence class Ry (y) is dense in Y,

(T2) for every pair 01,02 of nonempty open subsets of Y there exists a point
y €Y with Ry (y) NO; # & fori =1,2.

If Y fulfills (either of) these conditions we shall simply say that Y satisfies condition
(T).

Now assume that each of the sets Vj is totally ordered with an order <;. The
sequence < of orders (<x, k > 0) on the sets V = (V}, k£ > 0) induces a total order
=< on each equivalence class Ry (), x € Xv, and thus a partial order on the space
Xv: if /,2" € Ry (z) then ' < 2" whenever z/, <,, «!/ with n = max{k > 0 :
x) # z}'}. In this partial order Xy has a unique maximal element 1 and a unique
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minimal element x~; furthermore, if x € X+, * # x+, then there exists a unique
smallest element succ(z) € {2’ € Ry (x) : © < 2'}, called the successor of x. Put

Cv = Rv(l'_) @] Rv($+).

The restriction of the map z — succ(z) to Xy ~ Cy is a homeomorphism of
Xv \ Cv; in order to extend this homeomorphism to a Borel automorphism of the
entire space Xv we set

TS (2) = succ(z) if z € Xy \ Cv,
T if x € Cy,

and call Tyy = T\f the adic transformation of Xv determined by the orders < of
the sets V.

In contrast to the space Xy, a nonempty, closed subset Y C Xy may have
many minimal and maximal elements with respect to the partial order <; however,
if y € Y is not maximal, then there still exists a unique smallest element succ(y) €
{Y eRv(y)NY :y<y'}. TRy =Ry N(Y xY),and if Y~ and Y are the sets
of minimal and maximal elements of Y and Cy = Ry (Y~) URy (Y ™), then the
map y — succ(y) again induces a Borel automorphism Ty : Y —— Y| given by

succ(y) if ye Y N Cy,
Tyy = .
Yy if y € Cy,

which is called the adic transformation of Y. Note that

(2.4) {T¥(y) :neZ={y €Yy ~y}
for every y € Y N\ Cy.

We could have tried to define the adic transformation Ty a little more elegantly
on the set Cy of exceptional points (cf. [15]). However, the definition of Ty on
Cy will not really matter, since we shall only consider nonatomic measures and
adic transformations Ty on closed, nonempty subsets Y C Xy which satisfy the
following condition:

(M) the sets Y~ and Y of minimal and maximal elements of Y in the partial
order < are both countable.

Ezample 2.1. (The Pascal adic transformation (Vershik [53])) Let n > 2, and let
V™ = (GO, .. Dy e NT 5O 4 gD gy

for every k > 0. We put v = (Vk(n), k > 0), furnish each Vk(") with the reverse
lexicographic order, and set
(2.5)
YO = {y = () € Xyoo g = (- p ™) € V) and
y,(:) < y,(fll for every k>0 and i =0,...,n—1}.

The equivalence relation Ry ») and the adic transformation 7T,, = Ty () are called
the n-dimensional Pascal Gibbs relation and n-dimensional Pascal adic transfor-
mation on the space Y (™. Tt is easy to see that Y(") satisfies the conditions (T)
and (M).

We picture Y (™) as a graded graph. At level k there are as vertices the elements

of Vk(n). There is a connection from 7 € Vk(n) to yr41 € Vk(jf)l if and only if
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y,(:) < y,(ﬁrl forall¢ =0,...,n — 1. In fact then y,(:) = y,(ﬁrl for all ¢ except one,
1 = 19, for which y,i“ = ylko-i-l — 1. We think of the edge from yj to yr4+1 as labeled
with the symbol ig € {0,...,n — 1}; denote this ig by ¢x(y). Then y,(cj) is equal to
the number of appearances of the symbol j on the edges of the path y from level 0
to level k.

This allows us to define a continuous bijection

&: Y™ 5F = (Z/nZ)N
by setting, for every y = (yx) € Y™,
(y)k = or(y)-

If we put W = (W,gn)7 k > 0) with W,g") = Z/nZ for every k > 0, and if we
furnish each W,gn) with its natural order, then ¥} = Xyy(), and we define the
partial order <’ on X = Xy as above. It is clear that the map ®: Y (") —— 3+

is order-preserving, i.e. that ®(y) <’ ®(y') if and only if y < 3. However, if
R} = Ry is the Gibbs relation on X, then

(2.6) (® x ®)(Rywm) =S C R

Indeed, S, is the subrelation of R, in which two points (z, 2’) € R,l are equivalent
if and only if the coordinates of 2’ differ from those of z by a finite permutation.
There exists a unique Borel automorphism T, of X} satisfying

for every y € Y (™. The map T;+ satisfies
{(T54)"(2) - k € Z} = S} (2)

=3
for all but countably many = € XF. Tt is important to note the distinction between
the map T3, just defined and the adic transformation T§,+ arising from the partial
order <" on X7 = Xy, the familiar adding machine or odometer, most of whose
orbits are equal to the equivalence classes of the Gibbs relation R;'; in the case

mn’

n=2T. (0P1910...) = 190P01 ... for each p,q > 0. We shall abuse terminology
2
to some extent and call the transformation T;+ the adic transformation on the full

shift 3.

Ezample 2.2. (The adic transformation of an SFT) Define V(™) = (Vk(n), k> 0)
and Xy for n > 1 as in Example 2.1, and let A = (A(i,5), 0 < 4,5 <n—1) be
an irreducible, aperiodic transition matrix with entries in {0,1}. We denote by

Yh={z=(z4) € X} : A(zg,zp41) = 1 for every k € N}
the one-sided SF'T defined by A, and we

@2.7) R =R n (St x =)
for the Gibbs relation of X¥. Put
(2.8) Ya=0'(Z}) C Xym.

Then Y4 satisfies the conditions (T) and (M) above (since any maximal path in the
associated graph, when traced backwards, must always follow the allowed edge with
the largest possible label, and hence the labelling has to be eventually periodic).
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Let ST C R} be the equivalence relation in which two points (z,2') € R}
are equivalent if there is K such that zy = zp for K > K while for £ < K the
coordinates zj of z are permutations of those of z’. Then (® x ®)(Ry,) = S}. The
Borel automorphism T;X : EX\CzX — EX\CEX satisfying T;X@(y) =& Ty, (y)
for every y € Y4 ~\ C4 can again be determined explicitly. For example, if n = 2
and A = (1}), then X} C X7 is the golden mean SFT, and Ty (0P(10)7100...) =

A

(10)207010. .. for every p >0, g > 1.
In analogy with Example 2.1 we call the transformation T;+ the adic transforma-
A

tion of the SFT EX, but emphasize that Toy differs from the transformation TEX’
A

the corresponding stationary adic transformation (in the case of the full shift, the
odometer), whose orbits generate the equivalence classes of RX for all but countably
many points in EX.

Ezample 2.3. (The Gibbs relation and adic transformation of a graph) Let V =
(Vi, k > 0) be a sequence of finite, nonempty sets, and for every k > 0 let Ej, C
Vi X V41 be a subset whose projection on each of the two sets Vi and Vjyq is
surjective. We set E = (Ejy, k > 0) and put

(2.9) Yve={z=(2x) € Xv :[vk,2x+1] € E} for every k > 0}.

If Vi, = {(k,v) : v € Vi}, By = {(k,v) — (k+1,0") : [v,v'] € Ex}, V = Upso Vas
E = Upso Bk, and if T' = T'yv g is the directed graph with vertices V and edges
E, then there is a bijective correspondence between the elements of Yy, g and the
infinite paths in I' which start at an element of V. The space Yv g satisfies the
conditions (T) if and only if there exist, for every pair of vertices v,7’ € V, a vertex
we‘?andpathsiail—>---—>17m—>w,17’—>171—>---—>17;n/—>w. The
relation Ry g is called the Gibbs relation of the directed graph I'; if the sets Vi, k >
0, are totally ordered, and if Y = Y/ g satisfies (M), then the adic transformation
Ty is the adic transformation of the graph T.

In general, if Y C Xv is a nonempty, closed subset, we denote by 7g: Y[0] —
[Ircs Vi the restriction to Y of the coordinate projection [[,~o Vi = [Icq Vi
Then Y is of the form Y = Yy g described above if and only if

(2.10) 0,y RY () = 70,y (RY) (3))

(n

whenever y = (yx),y = (y},) € Y and y, = y,,, where RY) is defined in (2.12).
The Gibbs relation in Example 1.1 satisfies (2.10) and is thus the Gibbs relation of
a graph, but the relation R4 in Example 1.2 need not satisfy (2.10).

2.3. Adic-invariant sets and measures. Throughout this section we assume
that V. = (Vi, k > 0) is a sequence of finite, nonempty, totally ordered sets, put
Xv = [I>0 Vi, define the equivalence relation Ry as in Section 2.1, and assume
that Y C Xv is a closed subset and Ry = RN (Y x Y).

Let By be the Borel field of Y, and let u be a nonatomic probability measure
on By . If Y satisfies the condition (M), and if Ty is the adic transformation on Y,
then p is quasi-invariant (or ergodic) under Ry if and only if it is quasi-invariant
(or ergodic) under Ty, and the sigma-algebras

By = {Ry(B): B < By},

(2.11) ;
BYY:{BEByiTyB:B}
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of Ry-saturated and Ty-invariant Borel sets in Y coincide (mod p).

We denote by 7,, C By the sigma-field generated by all cylinder sets of the form
[Vny s Untkln ={y = (i) €Y : yn = Vny- -+, Ynt+k = Untk}, and define the tail
sigma-field of Y as Ty = (,,>0 Zn-

Lemma 2.4. For every closed, nonempty subset Y C Xv, Ty = Bg‘". In partic-
ular, if p is a nonatomic probability measure on 'Y which is quasi-invariant under
Ry (or, if Y satisfies the hypothesis (M) under the adic transformation Ty ), then

Ty = By =B (mod p).
Proof. For every m > 0 we set

(2.12) Rg,m) ={(y,y) €Y XY :yp =y, forall k>m}

n (n)
and note that Ry = J,,5¢ Rgf) and hence By = Nnso BRY As T, = B)P,{Y for

every n > 0, we conclude that 7y = B}I,ty. O
The m-weight wy, (y) of an element y € Y C Xv, m > 0, is defined as

(2.13) wa(y) = RY" (y)]

where |F| denotes the cardinality of a set F. Similarly, if C C Y is a Borel set and
m > 0, then

(2.14) wa(Cyy) = R (y) N C.

(This corresponds to the dimension of a vertex in a Bratteli diagram, the number
of paths into a vertex in a graph as in Example 2.3, or the height of a column in an
ergodic-theoretic cutting and stacking construction.) For example, if Yy ¢ Xy
is defined as in Example 2.1, then the m-weight w,, () of an element y = (y;) € Y™
is given as follows: if y,, = (y,(,g), . ,yfg_l)) € V", then

m!

Theorem 2.5 (Vershik [52]). Let Y C Xv be a closed, nonempty subset, and let
u be a nonatomic probability measure on By which is invariant and ergodic under
Ry . For every Borel set BCY,

— lim wn(B,y)

where the weights wy () and wy(B,-) are defined in (2.13) and (2.14).
Proof. If f € LY(Y, By, ), then

Eu(fIT)W) = BB ) ) = —— 3 £(2)

(n)
Ry zeR(™

for p-a.e. y ey,

for p-a.e. y € Y. The reverse martingale theorem and Lemma 2.4 imply that

lim ———— 3 f(2) = Bu(f1T)(y) = Bu(FIBR)(y)

|RY (y)| ZGjol) (v)

p-a.e., and by setting f equal to the indicator function 15 of B we have proved the
theorem. O



SYMMETRIC GIBBS MEASURES 2783

Remark 2.6. If p is invariant but not necessarily ergodic, then
wn(B,y)

for every Borel set B C Y.

— E,(15T)(y)  pae

Theorem 2.7 (Hajian-Tto-Kakutani [17]). Let Y®) be as in (2.5), and denote by
®:Y® —— 2 = {0,1}" the map described in Ezample 2.1, so that Sy =
(® x ®)(Ry ) is the equivalence relation on X3 in which two points are equiv-
alent if and only if their coordinates differ by a finite permutation. For any o with
0 < a <1 wesetvy(0) =a, va(l) =1 — a, write u, = v for the corresponding
Bernoulli measure on E;, and put fia, = po - ®. Then the following equivalent
statements are true:

(1) fiq is invariant and ergodic under the Pascal adic transformation Ts,

(2) [q is invariant and ergodic under Ry,,

(3) pq is invariant and ergodic under the adic transformation T;+ of the full shift
2

E;‘ (or, equivalently, under the equivalence relation 5’;)

Proof. The equivalence of (1), (2), and (3) is obvious; we prove (2). We write
C(m,n) for the binomial coefficient (") = m!/(n!(m — n)!). For each cylinder set
C=lvoy...,vm]={y€Ya:y;=v; for i=0,...,m} CYs ending in a coordinate
Uy = (jf(,g),jr(%)) e VY with jr(r?) —l—j,(,%) = m, and for every y = (yx) € Y2, n > m

and g, = (", ys) with ji > jii), i = 0,1,

wn(Cry) _ Cln—m, y — i) _ (n — m)lyQlyd1
only) Ol i) (s — ) — i)t

() =i 1)y = 1)y
=1

N (n=m+1)---n |
162 T

.(0) (1)
(Y ()
n n
J

m—1 N —1
()
! n
Jj=1
—oodw (1— a)(j,(i))
for fin-a.e. y € Y3 as n — oo. In particular, fi,(C) only depends on the last

coordinate v, of C', which guarantees the invariance of fi, under Ry,, and fi, is
ergodic because lim,,_, w,(C,-)/wy,(+) is constant fis-a.e. (cf. Remark 2.6). O

Remark 2.8. Since the measures fi,, a € (0,1), in Theorem 2.7 are obtained from
the Bernoulli measures p, on E;r via the map ®, they are called the Bernoulli
measures on Y. If we also consider the degenerate Bernoulli measures fig, 11 on 35
defined as above, but with « € {0,1}, then the measures fig, fi1 are again invariant
and trivially ergodic under Ry,: each of them is concentrated on an equivalence
class of Ry, consisting of a single point.

Theorem 2.9 (de Finetti and Vershik). The only nonatomic probability measures
which are invariant and ergodic for the Pascal adic transformation Ty are the mea-
sures fiq, @ € (0,1), described in Theorem 2.7.
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Proof. Let C = [vg,...,um]| ={y € Ya:y; =v; for i =0,...,m} be a cylinder set
with v = (35, i) € Vil let vt = (01, d00) € Vi with 550y, > 55 for
i =0,1, and put C’ = [vg,...,Vm+1] C Ya (we are using the same notation as in
Example 2.1 and Theorem 2.7). If i is a nonatomic, ergodic, invariant probability

measure for T5, then Theorems 2.5 and 2.7 imply that

wO) _ oy wnl(Coy)/waly)
u(C")  n—oo w, (C",y) /wn(y)

Cln —m.y® _ p® ©)
= lim (n=my - v (0)) —1— lim 2.
n— oo C(TL —m - 1’ yn ' — Um-l—l) n—oo n

By Theorem 2.5 this limit exists p-a.e. and is p-a.e. equal to a constant a € (0, 1),
so we conclude that p = fi,. |

Remark 2.10. To make the connection between Theorem 2.9 and de Finetti’s theo-
rem more explicit, let n > 2, and let & be a nonatomic, ergodic, invariant probability
measure for the adic transformation 7}, on Y (") (cf. Example 2.1). Then p = p®~1
is invariant under the relation S;I of finite coordinate changes, and de Finetti’s the-
orem shows that u is a Bernoulli measure on ¥ ;7. More generally, every nonatomic
invariant probability measure for T}, is a mixture of such Bernoulli measures.

If ZX is an arbitrary, irreducible, aperiodic SFT, then the explicit determination
of all S}-invariant and ergodic probability measures is not so obvious. In Section
6 we will answer this question for shift-invariant measures. In some special cases,
de Finetti’s theorem already gives a complete answer.

Theorem 2.11. Let A= (1}). Then the only nonatomic probability measures on
EX - E;‘ which are ergodic and invariant under Sj; (or, equivalently, under the
adic transformation T, ) are the Markov measures fi,, o € (0,1), where py, has
transition matriz (¢ 15%) and initial distribution p(0) = a, p(1) = 1—a (cf. (3.1)).
Proof. We define a continuous, bijective map ¥: X% — {a, b} = £ by replacing
each occurrence of the string 10 in an element x € EX with a b and the remaining
0’s with a’s. Although the map W is not shift-commuting, it satisfies the condition
(I x ¥)(S%) = S5; in particular, ¥ sends the set of nonatomic S7-invariant
and ergodic probability measures on EX bijectively onto the set of nonatomic Rj -
invariant, ergodic probability measures on %3 .

The latter measures are characterized by de Finetti’s theorem as the Bernoulli

measures on E;, and the measures pl,, o € (0,1), are just their images under
UL O

3. GIBBS MEASURES AND SUBRELATIONS OF GIBBS EQUIVALENCE RELATIONS
ON TWO-SIDED SHIFT SPACES

As we saw in Theorems 2.5, 2.7 and 2.9, the ergodicity of Bernoulli measures
under the equivalence relation R} on the full n-shift has dynamical implications for
the n-dimensional Pascal Gibbs relation Ry (») and the n-dimensional Pascal adic
transformation T;+ on Y™ In this section we generalize our discussion of ergod-
icity of Bernoulli measures under the Pascal adic transformation by showing that
certain Gibbs measures on SF'T’s are ergodic under a natural class of subrelations
of the Gibbs relation of the subshift. However, since the discussion of ergodicity of
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these subrelations is in some sense more natural on two-sided shift spaces, we first
discuss equivalence relations on two-sided SF'T’s before turning to one-sided SFT’s
in the next section.

Assume that A = (A(4,5), 0 < 4,5 < n —1) is an irreducible, aperiodic n x n
transition matrix with entries in {0, 1}, denote by

Ya={r= () €, = (Z/nZ)":
Az, xp41) = 1 for every k € Z}
the two-sided SFT defined by A, and we write o = o4 for the shift
o(T)p = Tpi1
and
Ra={(z,2") € X4 x X4 : ) # ), for only finitely many k € Z}
for the Gibbs relation on X 4.

A one-step Markov measure up on X4 is determined by a stochastic matrix
P = (P(i,j), 0 <i,5 <n—1)with P(i,j) > 0 if and only if A(4,j) =1 (such a
matrix is said to be compatible with A): if p = (p(0),...,p(n — 1)) is the unique
probability vector with pP = p, then the measure of every cylinder set

C=lvo,...,u0m={x=(xr) €EXA:Tmy; =v; for i=0,...,1}
is given by
(3.1) pp(C) = p(vo) P(vo, v1) - - - P(vi—1, 01).

Any such Markov measure pp is easily seen to be quasi-invariant under the Gibbs
relation R4: its Radon-Nikodym derivative is given by

7 Plek zrg1)
(3.2) pup (2, 3") = Bl
e k:r_[w P(x), 7))
for every (x,2') € Ra (note that the infinite product in (3.2) consists mostly of
1’s).
More generally, let ¢: X4 —— R be a continuous function and put, for every
k>0,

wo(¢) = max{|¢(z) — ¢(2')| : z,2" € Ba},
wi(¢) = max{|p(z) — ¢(2')| : 2y = a for |I| <k}, k> 1.
The function ¢ has summable variation if
(3.3) w(g) =D wr(¢) < oo.
k>0

We denote by M;(X4) the set of Borel probability measures on ¥4, furnished
with the weak® topology. A measure p € M;(X4) is a Gibbs measure of a map
¢: X4 — R with summable variation if

(34) log py(z,2) = ) (¢ o*(z) — ¢ ("))

keZ
for every (z,2') € Ra ~ (N x N), where N C ¥ 4 is a p-null set; the set of all such
measures is denoted by M{b (X4). By definition, any Gibbs measure of ¢ is quasi-

invariant under R 4. The Markov measure pp in (3.1) is a Gibbs measure of the map
¢(x) = log P(xo,x1). Conversely, if the function ¢ depends only on the coordinates
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Zo,Z1, then there is only one Gibbs measure for ¢, and it is Markov: M{b(EA) =
{pp} for some Markov matrix P compatible with A (see [40]). The following
generalization of this fact is part of the lore of the theory of Gibbs measures; see,
for example, [5, 31, 43, 57].

Theorem 3.1. Let A = (A(i,5), 0 < 4,5 <n—1) be an irreducible and aperiodic
0-1-matriz, X4 C X, the associated shift of finite type, and R the Gibbs equiva-
lence relation of ¥4 described above. If ¢: ¥4 —— R is a function with summable
variation, then there exists a unique Gibbs measure yugy € M{z’(EA). Moreover, g
is ergodic under R4, and invariant and K under the shift o = o4.

Proof. First we show that Mf (X4) is nonempty. For every K > 0 we set
RAY) = {(z,2/) € a4 X Bp : 1 = 2, for |k| > K.
We claim that the set
M(¢,K) = {p € Mi(34) : p satisfies (3.4) for every (z,2') € R4}

is nonempty for every K > 0. Indeed, fix L > 1 such that every entry of A" is
positive, take K > L, and group the cylinder sets determined by central (2K + 1)-
blocks into n? classes according to their first and last entries. We pick a member
from each class and define p on it arbitrarily, for example as a Markov measure
consistent with the transition matrix A. Now we can use (3.4) to carry p over to
each of the other cylinder sets in the same class. Thus if C is one of our chosen
cylinder sets and ~ is the finite coordinate change that carries C' to C’ by changing
its central (2K + 1)-block (of course the endpoints of the block do not change), then
the summable variation property of ¢ shows that >-  _,[¢- 0™ (x) — ¢ - o™ (yx)] is
a continuous function of x € C, so for E C C’ we can define

u(B)= [ e Y00 ) — 6 0™ (a)] dua).
VTE mEZ
Since each M (¢, K) is also convex, compact, and nonincreasing in K, it follows
that
MP(a) = () M(¢,K) # 2.
K>0

Next we show that M{b (34) consists of a single measure which is ergodic under
R 4; for this we require a little bit of notation and a lemma. Since the matrix A
is irreducible and aperiodic, there exists an integer L > 1 such that A (i,j) > 0
for every (i,7) € (Z/nZ)%. A string s = sq...s, in {0,...,n — 1}""1 is allowed if
A(sj,sj41)=1forall j=0,...,r—1. If &' = s{,...s., is a second allowed string,
then s and s’ can be concatenated if s, = s, and the string ss’ = sg...s,87...5},
is the concatenation of s and s’. Finally, if s = sg...s, is an allowed string and
m € Z, then

[slm ={z €XA T = S0, -+, Tingr = Sp}.

Lemma 3.2. Suppose that ¢: ¥4 — R has summable variation and p € be(EA).
Given M > 0 and disjoint cylinder sets

C=li—cm...iv]l-m={x€Za:ax =14 for |l|] <M},

D=[j-pm. . jul-m={x €42 =74 for ||| < M},
there is a homeomorphism V € [R4] and a cylinder set C' C C such that
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V< = identity,

D' =v(C') c D,

u(C") = u(C)n=2",

N(DI) > n—4Le—16w(¢)—8Lwo(d))u(D);

Proof. For every (i,j) € {0,...n — 1}? we denote by

S(i,j) € (Z/nZ)*
the set of allowed strings of the form s = isy...s5_17j, and we write c =i_p;...10p
and d = j_ps...jnp for the strings defining the cylinders C' and D. If (i,j) €
(Z/nZ)?, s € S(iyi—m), 8" € S(ing, 5), t € S(i,5—nr) and ' € S(jar, j), we consider
the concatenations scs’, tdt’ of length 2L + 2M + 1 and denote by [scs’]—p— 1 and
[tdt'|—ar—r the corresponding cylinder sets. For every z € [scs’|_a—r we define
7 e [tdtl]_M_L by
x if k| > M+ L,
4 ifk=-L-—M+1,1=0,.... L,
# i k=M+1,1=0,..., L,

and note that the map x — 2’ is a homeomorphism of [scs’]_ s onto [tdt'] 1.
As the cylinders C, D are disjoint, this allows us to define an element Vstst,/ € [R4]
by setting
x if @ €¥a~([ses'|—p—nmUtdt'—r—m),
Vstst,/(x) =<7 if © € [scs’|—p—m,
(VEY"Y=) if o € [tdt']— L.

From the definition of w(¢), comparing ¢(c*z) to ¢(c*2’) (and ¢(c*y) to ¢(a*y’))
when |k| > M+L, and ¢(c*x) to ¢(c*y) (and ¢(c*z’) to ¢(a*y’)) when |k| < M+L,
it follows that
(3.5)  oax log p(Vey (), ) = log pu (Vi (1), y)| < 8w().

In order to check the dependence of (3.5) on s,s’,t,¢ we fix arbitrary points
Z € C, y € D and calculate that
(3.6)

, M+L
08, (Vi 0h) =Y (00() - 0 (@) < 80(0) + 4L (0)
k=—M—L
for every (Za.]) € (Z/TLZ)Q, s € S(ivi—M)a s’ € S(ZMvj)v te S(iaj—M)v t'e S(]Ma.])
and x € [scs’|——pr. In other words, we have found a constant
L+M
§D,C)= Y ¢o*(f) — oot ()
k=—L—M

such that the logarithm of the Radon-Nikodym derivative of each of the maps V:;;
is within 8w(¢) + 4Lwo(¢) of this constant. In particular,

37)  eS@-tta@eno) o MW 1om) - suo)+aze@en.0)
n([ses’]—n—m)
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for every (i,7) € (Z/nZ)?*, s € S(iyi—m), s' € S(inm,5), t € S(i,j—m) and ' €
S(jn,j). Since p([scs’|—n—m) > p(C)n=2L for at least one choice of s,s’, we
conclude that, for any suitable choice of ¢,#/,

1(D) > u((tdt]—p—a1) > p([s¢8"] -1 ar)e— 3 (@)= 4Lwo(DED.C)
> lu(C)n_2L6_8“’(¢)—4Lw0(¢)5(D7C)'

Similarly we see that, for suitable choices of s, s’,¢,t/,

w(D) < p([tdt'|—p_a)n? < p([ses’|—p—pr)n?Lede (@) H4bwo(@)e(D,C)
< pu(C)n?LeBe(9)+4Lwo(9)4(D,C)

so that

(38)  n-2Le8(@)-1Lun@eD.0) < MD) _ 21 su(@)+aLun(@)E(D.C),

n(C)
We choose (i, j) € (Z/nZ)* and s € S(i,i_nr),s" € S(in, j) such that (3) holds
for C" = [ses’|—p—m, choose t € S(i,5-pm), t' € S(jm,7), and set V = Vstst,
Conditions (1)—(2) follow from the definition of V' with
D' = [tdt'|——m,
(4) is a consequence of (3.7)—(3.8), and (5) is (3.5). |

Completion of the proof of Theorem 3.1. Every probability measure in Mf(ZA)
has its Radon-Nikodym derivative under R4 given by (3.4). In particular, by the
chain rule any two distinct R4-ergodic elements of Mf (X4) have to be mutually
singular. Thus if M?(X4) contains more than one probability measure, then it
must therefore also contain a measure which is not R 4-ergodic. Choose a Borel set
B=R4(B) C ¥4 with 0 < u(B) <1, and let

e = 1/(100”4L624w(z;b)—i—Eéng(gi)))7
where L > 0 is chosen so that every entry of A" is positive.

Since pu(B)u(Xa ~ B) > 0, there exist an integer M > 0 and cylinder sets
C = [i_M, e ;iM]—M, D= [j_M, S ,jM]_M in X 4 such that

w(BNC) > (1 =e)u(C), u((Xa~ B)ND)>(1—e)u(D);

we apply Lemma 3.2 to find cylinder sets C' € C and D' C D, satisfying the
conditions (1)—-(5) of that lemma. According to (3),

p(C" N B) > p(C") = eu(C) > p(C')(1 — en?h),
and (5) guarantees that
u(V(C'NB)) > p(D')e (1 —en®")
(D)n—4Le—24w(¢)—8Lwo(¢) (1 _ E’ILQL)

99
= (D) 1001AL 024w (6)+8Lwo ()

> ep(D) > u(BN D),

which shows that B cannot be invariant under V. This contradiction proves that
M (2 4) consists of a single R4-ergodic measure, as claimed.
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Finally, Mf (3 4) is clearly shift-invariant, so the unique measure p, it contains
is shift-invariant. Ergodicity of p4 under R4 is equivalent to triviality of the two-
sided tail field, which implies triviality of the two one-sided tail fields, which in turn
is equivalent to the K property. O

For the remainder of this section we fix a map ¢: ¥4 —— R with summable
variation and write p4 for the unique Gibbs measure of ¢. According to Theorem
3.1, py is ergodic under the Gibbs equivalence relation R4; we shall now prove
that pe is also ergodic under a class of shift-invariant subrelations of R4 which was
discussed in [47].

Let G be a countable, discrete group with finite conjugacy classes (i.e. with
[{hgh™!: h € G}| < oo for every g € G), and let ¥: 4 — G be a continuous map.

Following [47] we set, for every (x,2') € Ra,

(3.9)
T (w,a') = lim () (o™ (@) - (') - (o™ (@) 7,
TV (@a') = lim (o™ (@) (o @) dlo T (@) b (@)

(since (o™ (x) = Y(o™z") for n outside a finite interval, these limits exist). The
maps Jl’: R4 —— G are cocycles of Ry, i.e.

(310) j::f(ajazl)jjf(zlvaj“) = jf(aj,aj“)
whenever (z,2'), (z,2"") € Ra. If h: ¥4 —— G is a continuous map, then
(3.11) V' (x) = h(z)Y()h(o(x)) ",

and if Jf/ : Ra —— G are the cocycles defined as in (3.9), but with ¢’ replacing v,
then

(3.12) TV (@,2) = h(z)TY (x, 2" Yh(a') ™

for every (z,2') € R (this means that J7¢ and JV " are cohomologous cocycles of
R4). The set

(3.13) SY ={(x,2') € Ra: TV (z,2") = T (z,2")}

is a subrelation of R4, and (3.12) shows that Sﬁ is unaffected if 1) is replaced by
¥’ in (3.13). We shall prove the following theorem.

Theorem 3.3. Let ¢: X4 — R be a function with summable variation, and let G
be a countable, discrete group with finite conjugacy classes. For every continuous
map P: X4 —— G the Gibbs measure py is ergodic under the equivalence relation
Sﬁ defined in (3.13).

The proof of Theorem 3.3 requires some preparation. Since G is discrete there ex-
ist integers K, K’ > 0 such that t(z) only depends on the coordinates x_, ..., Tk
of every x € X4, and by applying a standard recoding argument (going to a
higher-block presentation of Y4) we may assume without loss in generality that
K =0,K' =1. We fix L > 1 such that every entry of A" is positive and find al-
lowed strings s(*) = Osgi) . S(Li)_li for every i € {0,...,n — 1}. Define a continuous
map h: ¥4 — G by setting

(3.14) h(a) = (0, 5{™)) - (s, wo)
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for every z = (x1) € X4, put
(3.15) U(x) = h(z)y()h(o(z)) ™
for every x € ¥4, and denote by Jf the cocycles defined by (3.9) with 1) replacing
.
Lemma 3.4. Let Ay = {Ji’(az, ') (z,2") € Ra}.
(1) For every (z,z') € Ra there exist allowed strings s =S ...Sm, s’ =s(...8},,

t=to...tm, t' =1t5...1,, such that so = Spm = S5 = 8, =to =ty =t =
t., =0 and

J}fgx,x’) = 1(50, 1) Y(Sm—1,8m) (Y (s, 1) - V()15 50,)) 7,
TV (@,2') = ((to,tr) (b1, tm)) Tty h) (1 th,).

2) For every m > 1 and all allowed strings s = Sg...Sm, s = s4...s,, with
0 m
S0 = 8m =8y = s, =0,
1/}(503 81) e 1/)(5771—17 Sm)(w(S/Oa 8/1) e 1/}(5271—15 Sin))_l € A+a
(¢(807 Sl) T "/}(sm—la Sm))_1¢(567 8/1) o d}(sl —15S m) cA_.
(3) AL is a subgroup of G.
4) For every g+ € Ay and every B € Bsy, with py(B) > 0 there exist elements
A ¢
(z,2"),(y,y') € Ran (B x B) with x, = ) for all k < 0, yp = y,. for all
k>0, and ) )
gy = TP (@,2), g =T (,9).
In fact we can accomplish this with x =y, 2’ = v/'.

Proof. We shall prove the conditions (1)—(4) for Ay and Jf; the proofs for A_

and J are completely analogous and will be omitted.
Condition (1) follows from (3.12): if (x,2") € Ry satisfy x3, = z), for |k| > K —L,
say, then

TP (@) = &(:zo,xl) (g1, @i )Py, ) () !
= (0, ) 1/’(5(;0)17350)7/1(330,%1)"'1/1($K 1,TK)

-w(xK_l,xKrl (g (s wh) T (0,570,
Choosing a string B such that zx B0 is allowed and setting

s =0s{") . S(Lwo)laro .z B0, s = 05(%) s(Lwé)lxg ... 2 B0

shows that j}f (z,2") is of the required form.

In order to prove (4) and in the process (2) we assume that s = sg...8m,
s’ =s(...s,, are allowed strings with sg = s{ = s, = s, =0, set

g = 1/}(503 81) e 1/)(5771—17 Sm)(1/)(5/03 8/1) e 1/}(5271—15 Sin))_l
and denote by
Clg) ={heG:hgh™' =g}

the commutant of g. As G has finite conjugacy classes, the quotient space H =
G/C(g) is finite, and we define a homeomorphism G: X4 X H — ¥4 X H by setting

o(w,hC(g)) = (o(x), ¥ (z) "' hC(g))
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for every z € ¥4 and h € G. We denote by v the normalized counting measure on
H and set i = pg xv. If B € By, with pug(B) > 0, then the mean ergodic theorem,
applied to the indicator function of B’ = B x {C(g)} C ¥4 X H, yields that

}E&lZlB'- = (1 |BE, ) in L*(h),

where BY, 4, denotes the family of -invariant Borel sets in ¥4 x H. Hence

-1

lli{go% Y us(BNoH(B)N{z € Sa:9(x)--- (0¥ (2)) € Clg)})
k=0

=H]-

i LS o4 )

M i

>
Il

0
> |H| - 5(B')? = ps(B)* /M.
In particular, there exist infinitely many [ > 0 with
pe(BNno ' (B)N{z € £a:d(x) (o' (x)) € C9)})
> pg(B)?/2|H|.
Put C = [s]o, D = [¢']p and define W € [R4] by

(3.16)

(oo T1,8 ey Srs Bimt1, ... ) 1 = (zx) € C,
Wa=<(..,2-1,80, -, 8myTmil,-..) if ©€D,
x if te¥a~(CUD).

Suppose that B € Bs;,, B C [0]p and pe(B) > 0, and choose an r > 1 and
an allowed string ¢ = tg...t., such that t,.,, = 0 and the set B = BN [t]y has
positive measure. We denote by § = 59 ...5qm the r-fold concatenation of s and
define W’ € [R4] by

(oo s @_1,80, s Brmy Trmtl,---) if &= (x) € [t]o,
W'e = ( , T 17t07-~-7trm,$rm+1,--~) ifLEE[g]Q,
x if x€Xa~ ([tloU][5]o)-
Then, since
Jim (B No~'Wa'(B)) = pg(B),
we have

ll_i}rg()uﬂB No~Y(B)no~'Wd'(B))
= llinolo te(BNo ' (B)no~'W's!(B))
= lim pg(BNo~'(B) No™ WW'e'(B)) = u(B)?,
and (3.16) guarantees that
pe(BNno (B)yno~'W'e l(B) No ' WW'e'(B)
UG

(3.17)
N{z€Xa:9(z)- Hx)) €C(g9)}) >0
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for infinitely many [ > 0. In particular, if x = (xj) lies in the set occurring in
(3.17), then the points

T = ("'7x—17$07"'7xl7t17"'7t7‘m7x7‘m+la"')7
/ — —
r = ("'7x—17x07"'7$l7517"'787‘m7x7‘m+17"')7
" / ! — —
= (1,0, T STy ey Sy St ds e - o5 Sy Trmbdy - -+ )

all lie in B C B, and
h=1(x)-- (o' (2)) = (") - Do ()

Furthermore, (z/,2"”) € R4 N (B x B), and
TLa") = hgh™t = g,
which proves (4) for any Borel set B C [0]p with positive measure.

If B € By, is an arbitrary Borel set with positive measure, then there exists an
allowed string ¢’ = ¢’ ...t} with ¢, =’ =0 and us(B N [t']-,) > 0, since pg is
K and hence mixing of every order. Put B’ = BN [t'|_; and B"” = oP(B’) C [0],,
and apply the preceding part of this proof to find, for every g € Ay, an element
(y,y') € Ran(B” x B") with y, = yj, for all k < 0 and jff(y,y’) = g. From the
definition of Jff it is clear that there exists an h € A, with j}f(o"p(y), o P(y")) =
hjf(y, y'Yh~! for every (y,y') € RanN(B" x B"). Note that h does not depend on g.
We conclude that there exists, for every g € A, an element (z,2") € RaN(B' x B')
with Jff (x,2") = hgh™!, yielding what is claimed in (4).

For the proof of (3) we assume that g,h € A, and apply (1) to find allowed
strings t = to...tm, t' =1t( ...t ., such that

h=1(to,t1) - - (tm—1, tm) (Lo, 17) - (1, 17,))
According to (4) there exists an element (z,2’) € R4 such that ), = ) for all
k<0and g = J}f(x,x'). We choose m > 0 such that z; = z}, whenever k > m,

put C = [zg, ..., Zm]o, and apply(3.16) to find a point y = (yx) € C and an integer
I > m such that o'(y) € C and

9 =9y) v () € C(h).

Put

Y= Y1500y Tons Ymdds -+ o> Yi1> L0 - - s s 2l a1y - - - ),

Y = (o Ym 1 Ty e e Ty Yt s - o o s YLy L« v s bors b/ 15 - -+ ),
where the coordinates zj+m/+1, 214+m/+2, - - . are arbitrary (but, of course, allowed),
and obtain that (y',y") € Ra and J (y,y') = gh. O

Lemma 3.5. Let J = (Jf,Jip): Rar— A=A, X A_ be the cocycle
I (@,0') = (TL (@,a'), T2 (@, 2")),
and let R be the equivalence relation on X = X4 x A defined by
R ={((z,9,h), (2, g, 1)) : (z,2) € Ra,
g= Jff(x, g h=T% (@, 2N}
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If v is the counting measure on A and A = pgy X v, then X is quasi-invariant and
ergodic under R.

Proof. The quasi-invariance of A under R is obvious. For every (g,h) € A we define
a homeomorphism T{, y: X —— X by setting

Tign)(x, g’ h') = (x,9'g,h'h)

for every (z,¢’,h’) € X. For every Borel set B C X with A(B) > 0 and (g,h) € A
we have

Tig1)(R(B)) = R(T(y.n)(B)).

Lemma 3.4(4) is easily seen to imply that every R-saturated set is invariant under
the transformations T{, 1), (9,h) € A, and the ergodicity of R4 guarantees that
AMX~R(B)) = 0 for every Borel set B € X with A\(B) > 0 (cf. e.g. [58, 59, 45]). O

Proof of Theorem 3.3. We use the notation of Lemmas 3.4-3.5 and denote by 1g
the identity element in G. Define a map n: A —— G by n(g,h) = gh~! and set

= =n(A). We denote by R’ the equivalence relation on X’ = ¥4 x Z given by

R = {((z,9),(«'.¢) : (x,2') € R, g = TV (x,2")g' TY (x,2') 7"}

and denote by £: X —— X’ the map {(z,g,h) = (x,gh™"). If / is the count-
ing measure on = and X = p x v/, then &: (X, ) — (X', X) is a nonsingu-
lar map which sends R-equivalence classes to f_{I—equivalence classes, and Lemma
3.5 implies that )\ is ergodic under R. In particular, the equivalence relation
R N((Za x {1g}) x (Z4 x {1g})) induced by R on T4 x {1g} is ergodic. Since
(=, 1g), (2", 1g)) € R’ if and only if (z,2') € Y = SZI, we have proved Theorem
3.3. O

Remark 3.6. As a special case of the fact that the equivalence relation Sf{ in (3.13)
is unaffected if ¢ is replaced by a function of the form ¢’ = hyp(h-o)~! in (3.11),
we obtain that S’X is shift-invariant: (o(z),o(z')) € S% if and only if (z,2’) € SY.
These properties of S:ﬁ are particularly transparent if G is abelian. Define a map
JY: R4 +— G by

(3.18)

o0

T (@, 2)= ] @e* @ @) =Jf @) T (@,2/)!

k=—o0

for every (z,2') € R4. Then JV is a cocycle, i.e. satisfies the equation (3.10) with
JY replacing jjf , and
v _ / .Y Y —
Sh={(z,2") € Ra : J¥(z,2") = 0}.

As J¥ = JY% whenever P, ¥y — G are related via the equation (3.11),

we obtain once again that Sﬁ = Sff{/. However, the individual cocycles J are
obviously changed if we replace 1 by v’
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4. GIBBS MEASURES AND SUBRELATIONS OF GIBBS EQUIVALENCE RELATIONS
ON ONE-SIDED SHIFT SPACES

As in the preceding section we assume that A = (A(7,5), 0 < 4,5 < n—1) is
an irreducible, aperiodic transition matrix with entries in {0,1}. We define the
one-sided SFT 7 and the Gibbs relation R} as in Example 2.2 and write o = o}
for the one-sided shift

o(T)k = Tht1
on X}, If ¢: ¥ — R is a continuous map we define wi(¢), k& > 0, as in the
two-sided case and say that ¢ has summable variation if ), . wr(¢) < co. A
probability measure pu on Ejg is a Gibbs measure of a continuous map ¢: ¥4 — R
if p is quasi-invariant under Rjg and

(4.1) log p(z,2") = Z(¢ok(x) — ¢ (z"))

k>0

for every (x,2') € R} (cf. (3.4); in the one-sided case this definition makes sense
even if ¢ does not have summable variation). The same argument as in Theorem 3.1
shows that the set M (3h) € Mi(XF) of Gibbs measures of ¢ is nonempty, weak”*-
closed, and convex. Furthermore, since every function ¢: Ejg — R with summable
variation can be viewed as a function on ¥ 4 which again has summable variation,
M{(2%) contains a single measure ug which is ergodic under the Gibbs relation
R7. In contrast to the two-sided case the measure i, need not be shift-invariant,
although Theorem 3.1 guarantees that it is equivalent to a shift-invariant and exact
probability measure jis on ¥. For example, if P = (P(i,j),0<i,j<n—1)isa
stochastic matrix which is compatible with A in the sense of Section 3, and if p is
the unique probability vector satisfying pP = p and p(i) = 1/nfori =0,...,n—1,
then

(4.2) tog P(C) = p(vo) P(vo,v1) - - - P(vi—1,01)
for every cylinder set
C=o,...,0lm={z=(2x) €S : Tpppi =v; for i=0,...,1},
whereas the shift-invariant measure fiiog p, given by
(4.3) fiog P(C) = p(vo) P(vo, v1) - - - P(vk—1, T),

is the Gibbs measure of the function ¢(z) = log P(zg,z1) + log p(xo) — logp(x1)
(cf. [40]). [The reason for the difference between the one- and two-sided cases is
the following. If ¢ is changed to a cohomologous function, the Radon-Nikodym de-
rivative of the two-sided measure under the finite coordinate changes is unaffected,
but this is no longer true in the one-sided case. The uniqueness in the one-sided
case is proved exactly as in the two-sided case; however, since the Radon-Nikodym
derivative changes on the one-sided shift if ¢ is changed by a cohomologous func-
tion, the one-sided measure changes as well. The condition of shift-invariance in
the one-sided case singles out a particular element in the cohomology class of ¢.]
For easier reference we summarize this discussion in a theorem.

Theorem 4.1. Let A = (A(i,7), 0 <i,j <n—1) be an irreducible, aperiodic 0-1-
matric, Ej the associated one-sided shift of finite type, and Rj the Gibbs relation
of EX. If ¢: Ej — R s a function with summable variation, then there exists
a unique Gibbs measure jig of ¢ which is ergodic under Ra. Furthermore, pg s
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equivalent to a probability measure [ig which is invariant, ergodic and exact under
the shift o on EX.

Remark 4.2. According to [57], the measure fi, is actually Bernoulli for the shift
o.

We encounter a similar phenomenon when dealing with cocycle-generated sub-
relations of the Gibbs relation R} on the one-sided SFT X7. Fix a function
¢: Ez —— R with summable variation, denote by ug the Gibbs measure of ¢,
and consider a continuous map : EX —— G, where G is a countable, discrete
group with finite conjugacy classes. We define a cocycle Jff by the first equation
in (3.9), and put
(4.4) Sﬁ—i_:{(xv‘rl) ERX :J_ﬁ)(x,xl):lg},
where 1g is the identity element in G. In contrast to the situation described in
Remark 3.6, the equivalence relation SZ+ is changed if 1) is replaced by a function
¢ = hp(h-o)~1, where h: £ — G is continuous. In particular, if h: ¥ — G is
the function defined in (3.14) and ¥: ¥ —— G is given by (3.15), then essentially
the same proof as that of Theorem 3.3 yields the following result.

Theorem 4.3. Let ¢: X} — R be a function with summable variation, and let G
be a countable, discrete group with finite conjugacy classes. For every continuous
map Y Ejg —— G there exists a continuous map h: Ejg —— G such that the Gibbs

measure [ig 15 ergodic under the equivalence relation Sfﬁur defined by (4.4) with
W =hp(h- o)™
replacing 1.
The measure pg s ergodic under the original relation S’Z+ if and only if SZ+ 18
topologically transitive.

Proof. The proof of Theorem 3.3 shows that the first assertion is a consequence
of Lemma 3.5. The topological transitivity of Sfﬁ+ is obviously necessary for the
ergodicity of s under SZ’F, since every open subset of ¥ 4 has positive p14-measure.
In order to see that topological transitivity is also sufficient for ergodicity we observe
that there exists a finite partition Oy,...,0O,, of EX into closed and open subsets
on each of which the continuous map h: EX —— G is constant, and that SK/JF N
(0 x 0;) = ST N (O; x O;) for i = 1,...,m (cf. (3.12)). The ergodicity of 14
under SX/JF guarantees that the restriction of p to O; is ergodic under the relation
Sfr N(O; x O;), and the topological transitivity of Sfﬁ+ implies that SXJF(OZ-) is a
dense, open subset of Ej for every ¢ = 1,...,m (note that there exists a countable
group G of homeomorphisms of EX with SZ+ = Gx = {gx : g € G} for every
x € ¥a). In particular, Sffﬁ(@l) meets each O; in a set of positive measure, so
that SXJF is ergodic. O

Remark 4.4. Assume for simplicity that ¢ is a function of the two variables (z, z1),
and call two symbols a,b € {0,...,n — 1} equivalent if there exist allowed strings
s,t of equal length and a symbol i € Z/nZ such that the strings asi and bti are
allowed and are permutations of each other. Then it is easy to see that S’Z+ is
topologically transitive if and only if all symbols in Z/nZ are equivalent (cf. [7, 8]).
Thus ergodicity of ug under Sfﬁ+ depends only on A, and not on ¢ or .
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Remark 4.5. The results in sections 3—4 are largely unaffected if we drop the as-
sumption of aperiodicity of A. If A is irreducible, but no longer aperiodic, then the
alphabet {0,...,n—1} decomposes into periodic components Cy, ..., Cp—1, m > 2,
such that zi1x € Cjik (mod m) Whenever x = (x1) € ¥a, z; € Cj, and k € Z. If
X;={re€eXs:20€C;},j=0,...,m—1, then each X, is invariant under o™,
and a standard recoding argument allows us to regard X; as an irreducible and
aperiodic SF'T with regard to the shift ¢™. By applying Theorem 3.1 to each X;
we see that there exists, for every function ¢: ¥4 —— R with summable variation,
and for every j = 0,...,m — 1, a unique Gibbs probability measure ,u((;) for ¢ on
X;. In particular, there is no longer a unique probability measure on X 4 satisfying
(3.4).

The orbit-average of the Gibbs measure ufbo), say, under o is the unique shift-
invariant Gibbs measure pug of ¢ on 34 (it coincides, of course, with the orbit-

averages of the other measures ug), j=1,....,m—1). If we define the Gibbs
relation R4 exactly as in the aperiodic case, then R4(X;) = X, and the analogue

of Theorem 3.3 holds for each of the measures ngj) on X;. However, ug will no longer

be SZ—invariant for any . Similarly one obtains the corresponding statements on
one-sided SFT’s.

5. EXAMPLES

Throughout this section we assume that A = (A(i,5), 0 < 4,7 < n—1) is an
irreducible and aperiodic 0-1-matrix, write ¥4 C (Z/nZ)% and % C (Z/nZ)" for
the two- and one-sided SF'T’s defined by A, and denote by R4 and RX the Gibbs
relations on > 4 and EX.

Ezample 5.1. Invariant measures for equivalence relations. Let ¢: 34[0] — R
be a continuous map which takes only finitely many values, and let G C R be
the countable subgroup generated by the values of ¢, furnished with the discrete
topology. We put ¢ = ¢: ¥4 —— G and apply Theorem 3.3 to obtain that the
Gibbs measure p4 is ergodic, and obviously invariant, under the equivalence relation
S% C Ra. Note that the full group [S%] satisfies

[S4] = {W € [Ra] : W preserves pis}.

One special case of this construction is obtained by taking a stochastic matrix
P =(P(i,5), 0 <4,j <n—1) compatible with A and setting ¢(z) = log P(zq, 1)
for every x € ¥ 4. As noted in the discussion preceding Theorem 3.1, in this case
g s the shift-invariant Markov probability measure determined by P. (So every
Markov measure is a pg in this way.)

Another special case arises from ¢ = 1 = constant. Then ug4 is the unique
measure of maximal entropy on X 4. In the one-sided case, it is equivalent to the
unique invariant measure for the stationary adic on EX.

Example 5.2. Failure of ergodicity. In order to illustrate Theorem 4.1 and Remark
4.4, consider the one-sided two-shift ¥} = (Z/2Z)" and the map v: $}[0] — Z
defined by

Y(z) =20 — 21
for every x = (z4) € ©7. Then

T{ (x,2") = z0 — @)
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for every (z,2') € RY (cf. (3.9)), and the relation Sffﬁ is obviously not topologically
transitive. In particular, if ¢: Ejg — R is a function with summable variation,
then the Gibbs measure pi4 is nonergodic under Sﬁf

Example 5.3. Ergodicity of Gibbs measures on one-sided SFT’s under finite per-
mutations. Suppose that ST C R} is the equivalence relation in which two points
z = (xx), 2’ = (x},) in X7 are equivalent if and only if the coordinates zy, k > 0,
and x}, k > 0, are finite permutations of each other (cf. Examples 2.1-2.2). If
Yo Ejg — ZZ/"Z is the map defined by

Yo(z) = el™0)
for every x = (z5,) € X7, where e® = (1,0,...,0),...,e(» ) = (0,...,0,1) are
the unit vectors in Z%/"% = 7" then it is clear that S§ = S4°%.
If
then Sj is obviously topologically transitive, since the strings 010 and 100 are
allowed and permutations of each other (cf. Remark 4.4). However, if

110
AZ(OOl),
110

then Sj is not topologically transitive. Indeed, if s = sgs1 ... sy, is any cycle (i.e.
any allowed string with sg = s,,,), then the numbers of 1’s and 2’s among the entries
80, - -+, 8m—1 must be equal. In particular, if the symbols 1 and 2 were equivalent
in the sense of Remark 4.4, we could find allowed strings s and ¢ of equal length
and a symbol ¢ € {0,1,2} such that 1si and 2¢i are allowed and permutations of
each other. We may obviously assume that ¢ = 1; then the number of 1’s in 1sl
exceeds the number of 2’s by 1, whereas the number of 1’s and 2’s in 2¢1 is equal.
This shows that 1s1 and 2t1 cannot be permutations of each other, so that 1 and
2 are not equivalent and Sfr is not topologically transitive (cf. Theorem 4.3 and
Remark 4.4).

If : £} — R is a function with summable variation, then the Gibbs measure
pe on X is ergodic under S¥ only if ST is topologically transitive (Theorem 4.3).
All these statements have, of course, obvious translations into properties of the adic
transformations 7% on X% and Ty, on Y4 (cf. Example 2.2).

Example 5.4. Ezchangeability and partial exchangeability. The preceding example
is a special case of a general problem: given some group of symmetries of a one- or
two-sided SFT, what are the Gibbs measures which are invariant (or symmetric)
under this group of symmetries? The most elementary examples of such symmetry
groups are the group of all finite permutations of the coordinates x, k > 0, and the
group of all finite permutations of the transitions [z, xk41] of the points x = (xy)
in ¥ 4. We have met the first of these groups in the context of adic transformations
in Examples 2.1-2.2 and in Section 2, and our analysis of them depends on the fact
that they generate the orbits (= equivalence classes) of certain subrelations of R
and RX defined by cocycles. In order to describe these cocycles we consider the

group Gry1 = Z0n=1'"" denote by eliorit) € ZE/MD'™ the unit vector

(o) {1 if (io, .- ,i1) = (o, - - -+ ),

e(jo wdi) i
RS 0 otherwise,
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and observe that the orbits of the group of all permutations of the I-fold transitions
[k, ..., Tky1], & > 0, of the points in ¥4 and EX are the equivalence classes of the

relations Sf{l and Sﬁﬁ, where 1; is defined by

i) = e € Gy

for every z in ¥ 4 or EX.

Theorem 3.3 shows, for a two-sided SFT X4, the invariance and ergodicity of
every fully supported Markov measure under the group of all finite permutations of
the [-fold transitions described above. Conversely, Theorem 6.2 implies that every
shift-invariant probability measure on ¥4 which is invariant and ergodic under the
group of finite permutations of the [-fold transitions must be an I-step Markov
measure (where we are referring to the Bernoulli measures as zero-step Markov
measures).

These results carry over to the one-sided case with the precaution described in
Remarks 4.4 and 4.5 and Examples 5.1 and 5.3. The adic version of the statement
of ergodicity and invariance of Markov measures under the groups of all finite
permutations of the [-fold transitions is the Hewitt-Savage 0-1-law as extended to
Markov chains by Diaconis and Freedman [7].

Ezxample 5.5. Derangement-equivalent sequences. In all the examples so far the
group G has been abelian. An elementary example where G is nonabelian is obtained
by setting G equal to the group &,, of permutations of the symbols Z/nZ, and by
putting

U(x) = (wow1)

for every x = (zx) € X4, where (ij) € &, is the transposition of ¢ and j. Since &,
is finite, Theorem 3.3 implies that, for every function ¢: ¥4 — R with summable
variation, the Gibbs measure pg € Mi(X4) is ergodic under the relation S =
S’Z. In Examples 5.3 and 5.4, two sequences are equivalent if they eventually
accumulate the same symbol counts (or perhaps the same transition counts). Here
two sequences are equivalent if they eventually accumulate the same derangement
effects, when their symbols act as permutations on a fixed set of n letters.

The equivalence relation S defined here is not comparable with the relation
Sﬁl arising from the finite permutations of the transitions [xy, zx+1] appearing in
Examples 5.3-5.4. However, since every finite Cartesian product of groups with
finite conjugacy classes is again a group with finite conjugacy classes, Theorem 3.3
guarantees the following: if ¢: ¥4 —— R is a function with summable variation
and ¥ : ¥4 — G are continuous maps taking values in countable, discrete
groups with finite conjugacy classes G, i = 1,...,1, then the Gibbs measure Mo
is ergodic under the equivalence relation ﬂé:l Sﬁm. In particular, pe is ergodic
under Sﬁl N S, the relation that keeps track of both accumulated symbol accounts

and accumulated derangement effects.
As a concrete example, consider the case where n = 4 and

P111
A= 1111 J>
1111

so that ¥ 4 = X4 is the full 4-shift. The points
...2-10123020x7. . ., ...2-10230120x7 ...
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are Sﬁl-equivalent, but S-inequivalent, whereas the points
...Z‘_1010$3..., ...1'_1000123...

are S-equivalent, but Sﬁl—inequivalent.

6. SYMMETRIC MEASURES ON SFT’s

We continue to let A = (A(7,4), 0 < i,7 <n—1) be an irreducible and aperiodic
0-1-matrix, 34 and EX the associated two- and one-sided SFT’s, and S4 C R4 the
equivalence relation generated by the finite coordinate permutations (cf. Example
2.2). As is well known, the only probability measure u on ¥ 4 which is invariant un-
der the Gibbs relation R4 is the measure of maximal entropy. However, if R C R4
is a proper subrelation, the picture changes considerably. For example, if ¥4 is a
full shift, then de Finetti’s theorem states that the (shift-invariant) Bernoulli mea-
sures are precisely the S4-invariant measures. If A is arbitrary (but still irreducible
and aperiodic), and if ¢: X4 — R is a function depending on the single coordi-
nate xo, then the equation (3.4) shows that the Gibbs measure pgy € Mi(X4) is
invariant under S4, and the ergodicity of ui4 follows from Theorem 3.3. In Theo-
rem 2.11 we saw that for the golden mean shift 3 4, every S4-invariant probability
measure on ¥, was the Gibbs measure of a function of a single variable. In this
section we extend the statement to arbitrary SFT’s by showing that every shift-
and S4-invariant probability measure on 34 is the Gibbs measure for a potential
function that depends on just one coordinate. Very closely related results have been
obtained previously by Georgii [13] and Diaconis and Freedman [7]. By an obvious
extension to m-step SF'T’s, every shift- and S ™-invariant probability measure y is
the Gibbs measure of a function depending on the m + 1 variables xq, ..., Tn,.

We write mn: X4 — Ejg for the projection onto the nonnegative coordinates
and observe that, in the notation of Example 2.2,

(6.1) O ST N ([i]o x [ilo) €S = (mn x 7™)(Sa) C RY.
1=0

Lemma 6.1. Let p be a nonatomic, shift-invariant probability measure on 34
which is invariant and ergodic under Sa. Then the projection u* = /urlgl of p
onto X7 is quasi-invariant and ergodic under S = (my x 7n)(Sa). Furthermore, the
restriction of u* to the set [ilo = {x € ] : 29 =i} is invariant and ergodic under
the relation S N ([i]o x [i]o) for every i € {0,...,n — 1} with u*([ilo) > 0.

Proof. The quasi-invariance and ergodicity of u™ under S are obvious from (6.1)
and the definition of u*. Suppose that u*([i]g) > 0, and that there exist disjoint
Borel sets By, By C [i]o with positive measure, each of which is saturated under S} N
([{Jox[i]o). The ergodicity of ™ under S implies that there exists a homeomorphism
V € [S] with uT(V B1 N By) > 0. In particular we can find a j € {0,...,n— 1} and
M) 5 @ = is?) .s®) 1J» such that V([sM]y) =

allowed strings s(!) = isgl) R N —

[s(*)]o and the sets

CYl = Bl N [S(l)]ov l= 1) 27
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have positive measure. We put s((Jl) =1, s$,? = j for [ = 1,2 and define, for every
p>0,V® e [Ry] by

s,(f_)p if oP(x) € Cy and p <k <p-+m,
(V@ )y =S stV if oP(z) € Cy and p <k <p+m,
xg if k<p, k>p+m, or oP(x) ¢ (C1 UCy).

In other words, V(®) checks for each = € EX whether either of the strings s(©), s(!)
occurs at the positions p, ..., p+m; if one of these strings occurs, then it replaces it
by the other one, and if neither occurs, then the point is left unchanged. The mea-
sure T is quasi-invariant under each of the maps V®), and the shift-invariance of
pt guarantees that the sequence of Radon-Nikodym derivatives (dutV ®) /du*, p >
0) is uniformly integrable. By approximating C; by closed and open sets and using
uniform integrability we see that

lim N+(Cl(p)) =1t (C)

p— 00
for [ = 1,2, where

c? =cnv@g,
The ergodicity of u* under S implies that ' is exact and hence mixing under

the shift o on X7, so that

i (00 M) = (O ([s))
for every k,l € {0,1}. Hence
Jim (G 0 [s®)) = w (G ((sP)o)
for every k,l € {0,1}, and by setting
W) — { VOV®z for z e (CF 0 [i®],) U (CP n[iM]),

x otherwise,

for every p > m, we have constructed a sequence of maps in [SX] with

lim 1 (Co nWWCy) = pt (Co)pt ([sP]o) > 0.

p— 00
This violates the invariance of By and B under S3 N ([i]o X [i]o), and we conclude
that the restriction of u* to [i]o is ergodic under S} N ([i]o x [i]o). |

With this lemma at hand we can characterize the set of all shift-invariant mea-
sures on ¥4 which are invariant and ergodic under S4. Any l-step (irreducible
aperiodic) S4-invariant SFT inside ¥4 with a potential function on it depending
on only a single coordinate determines such a measure, and we will show that they
all arise in this way. In the following theorem we denote by ¥4/ C ¥ 4 an irreducible
and aperiodic subshift defined by a 0-1-matrix A" = (A'(i,5), 0 < 4,7 < n—1) with
A'(i,j) < A(i,§) for every (i,j) € {0,...,n — 1}2. The matrix A’ may have some
zero rows and columns; however, the irreducibility of ¥ 4, allows us to permute
the alphabet {0,...,n — 1} of 34, if necessary, and to assume that there exists an
integer n’ € {1,...,n— 1} such that the first n’ rows and columns of A are nonzero
and the remaining ones zero, and to regard X 4/ as an (irreducible and aperiodic)
subshift of {0,...,n’ —1}%. Any probability measure p on ¥4 with u(X4/) = 1 will
also be regarded as a probability measure on the SFT ¥ 4/ C ¥ 4, and vice versa.
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Theorem 6.2. Let p be a nonatomic shift-invariant probability measure on 34
which is invariant and ergodic under Sa. Then there exist an irreducible, aperiodic
and Sa-invariant SFT X 40 C Y4 and a function ¢: X4 — R depending on the
single coordinate xo of every point x € X4 such that p is the unique (Markov)
Gibbs measure of ¢ on X 4.

Conversely, if X a0 C X4 is an irreducible, aperiodic and S a-invariant SFT and
¢: X4 — R is a function of a single coordinate, then the (Markov) Gibbs measure
te 1s tnvariant and ergodic under S4.

Proof. First we construct an irreducible and aperiodic SFT X4/ C X4 with u(Xa/)
= 1, such that p is the Gibbs measure of a function ¢: ¥4 —— R of only two
coordinates.

Let T C Bs, be a countably generated sigma-algebra, and let D be a countable
generator of 7. We write {[z]7 : # € X4} for the space of atoms of 7, where
[2l7 = Nyepep D for every x € 4, and denote by {2 : € S4} a regular
decomposition of y over 7, i.e. a family of Borel probability measures on ¥4 with
the following properties:

(a) pe([z]7) =1 for every z € X 4,
(b) the map = +— pZ(B) from ¥4 to R is 7-measurable for every Borel set
B C X4, and
pg (B) = E,(1p|T)(x) p-ae.
In view of (b) we may also assume without loss in generality that
(¢) pL, = uZ for every v € ¥4 and 2’ € [z]7.
Let Py = {[0]o,...,[n — 1]o} be the state (time-0) partition of ¥4, and let

A= \/kZO o7 %(Py) C Bs, be the sigma-algebra generated by all cylinder sets of
the form C = [ig, . .. ,%m]o, where m > 0 and (i, ..., im) € {0,...,n—1}"+L Then
A~ =0"1(A) C A, and the atoms of A and A~ are of the form

[#]a={2' € L4:a), = for k> 0},
[2]4- ={2' €T 2}, = for k> 1}

for every « € ¥ 4. The conditional information function I,,(A|.A™) is given by

L(AJA7) () = —1og Eu(1faq| A7) (@) = —log ' ([2].4)

6.2 dul
( ) = log Ulff(A) (Jj)
dpig
for every x € ¥ 4 (cf. (3.11) in [6]). The map
(6.3) J=e A 2, 5 [0,1] CR

is obviously A-measurable, and we claim that it is a function of the coordinates
o, x1 of every point x € X 4.

In order to prove this claim we assume that s = sg...sm, and s = s,...s,, are
allowed strings with so = sj, s1 = s} and s, = s},, and such that the entries in
s and s’ are permutations of each other, and consider the map V' € [S4] which
interchanges s and s', i.e.

/

s, if x€[slp and 0 <k <m,
(Vz)k=qs, if z€[s]p and 0 <k <m,
zp if x ¢ ([sloU][s']o) or k> m,
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for every x € ¥ 4. Then V(A) = A, V(A~) =A™, and (6.2)—(6.3) show that
J(z) = J(Vz)

for every z € ¥ 4. The A-measurability of J allows us to view it as a map J : Ej —
R, and the argument in the preceding paragraph shows that this map is invariant
under the subrelation of S7 consisting of all (z,2’) € S} with z¢ = z{ and 21 = .
According to Lemma, 6.1 this implies that .J is constant u*-a.e. on each cylinder set
[i0,i1]0 € ¥, where u* is the projection of y onto X%, and thus a function of the
coordinates g, x1. This also proves our claim for the original map J: 34 —— R.

Define a 0-1-matrix A’ = (A’(4, ), 0 < 4,5 < n — 1) by setting (with the under-
standing that 0° = 0)

A ) = J(zo,21)° € {0,1} %f i [i, 4]0 C &4,
0 if [¢,4]o = @.
Clearly A'(i,j) < A(i,j) for every (i,7) € {0,...,n — 1}. We claim that the SFT
Y4 C X4 defined by A’ has the following properties:

(d) X4 is equal to the (closed) support of u;
(e) if R}, is the Gibbs relation of the one-sided SFT X7¥,, then

-5y

k>0

d;ﬁ

for every (z,y) € R},
(f) if Ra is the Gibbs relation of ¥7,, then

dut(@) _ p It (@)
dut(y) 11

for every (z,y) € Ra/;

(8) Sa(Xa) =Za.
Indeed, (e) is an immediate consequence of the definition of .J in terms of conditional
measures, (f) follows from (e) and the shift-invariance of u, (d) follows from the
fact that u is the Gibbs measure of log J on ¥ 4/, and (g) is a consequence of this as
well as the S4-invariance of u. Since g is shift-invariant and S 4-ergodic, Remark
4.5 shows that the matrix A’ is aperiodic.

Next we prove that the one-sided measure u* is equivalent to an Sj{—invariant
measure v+,

Renumber the symbols 0,...,n — 1 of A, if necessary, choose an integer n’ €
{1,...,n — 1} such that first n’ rows and columns of A’ are nonzero and the
remaining ones zero, and view S = {0,...,n' — 1} as the alphabet of ¥4/ C

YanS?c{0,...,n—1}2 Put P(i,j) = J(xo,z1) whenever x = (x3) € Ya
satisfies xp = ¢,21 = j. As p is invariant under S4, the conditions (f) and (g)
above show that

xerk-‘rl
(6.4) =[] 5——==1
iep Pk, ykt1)
whenever (z,y) € Sar = SaN(Za x Xar). We set SX/ = SX N(Xa X Xa) and
define the S, -equivalence classes of symbols of X%, C {0,...,n'—1}" as in Remark

4.4. For each such equivalence class C C {0,...,n’ — 1} choose and fix a symbol
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ic € C. Given any x € EX,, find the equivalence class C' with zy € C, choose
y € ST (z) with yo = ic, and set
du* (z)

b(x) =
(@) dpt(y)
Then (from (6.4)) b(x) is well-defined, i.e. independent of the choice of y, and only
depends on the coordinate z of z. For any (z,y) € S},

dirt(z) _ b(a)

dpt(y) — bly)
Let vT be the unique probability measure on Ej/ which is a constant multiple of
b~'ut. Then v is Markov,

dvt(z) _ b(y) 11 P(xy, Tp11)

dvt(y)  b(x) s P(yx, Yr+1)

for all (x,y) € Rjg,, and vV is invariant under S’X, (which is equivalent to saying
that vT, regarded as a probability measure on ZX, is invariant under Sj).

Finally we show that p can also be written as the Gibbs measure of a function
of a single coordinate on ¥4/ C {0,...,n' — 1}Z.

Regard b as a function on the alphabet {0, ...,n'—1} of ¥ 4/ by setting b(i) = b(x)
whenever zg = 4,4 = 0,...,n — 1, and put P(i,j) = b(i) "' P(i,5)b(j) for every
(i,5) € {0,...,n' —1}? with A’(i,j) = 1. We claim that P(i, ) = P(i, ;') whenever
A'(i,5) = A'(i,j") = 1 (or, equivalently, whenever u([ijlo)u([¢5']0) > 0). As we
have seen above, ~

dvt(z) H P(xg, 1)

dvt(y) £>0 P(yr, Yr+1)

for every (z,y) € RY,. Given A’-allowable 2-blocks ij and ij’, Lemma 6.1 implies
that there exists a pair (z,y) € ST N([if]ox[i']0) = SETN(ST, x=H)N([i5]0 x [i5]0)-
As vt is S{-invariant,

dy+(3:) _ H ]i(a?k,ilik_,_l) 1

dvt(y) k>0 P(yk, yr+1)

However, the pair (o(z),0(y)) also lies in ST, = ST N (X4, x £F,), since 2 = yo,
so that

dvt(o(z)) H P(zg, Tpr1)

w (ow) i Pyen)

By comparing the last two equations we have established that P(i,j) = P(i, '),
which proves our claim.
Let ¢: {0,...,n’ — 1} — R be the map satisfying
B(z0) = log P(xo,21) = —I,(z0,71) — logb(zo) + log b(w1)
for every « € ¥ 4. From condition (f) above we know that
pul,y) =Y ($lwr) — dlur))
keZ

for every (x,y) € Ras. In other words, u is the unique Gibbs measure of ¢ on X 4.
This completes the proof of the first part of the theorem. The converse assertion
is obvious from (3.4), the definition of S4 and Theorem 3.3. O
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Remark 6.3. If p is atomic, invariant and ergodic under Sy, then p has to be
concentrated on a fixed point.

Ezample 6.4. Symmetric measures on the Golden Mean SFT. If A = (1}), then
Theorem 2.11 describes all the S}-invariant probability measures on 4. In in-
terpreting this statement in the two-sided case one has to be a little careful (cf.
(6.1)): the two points ...01010101010... of period two are both fixed under S4u;
therefore each of them carries an Ss-invariant probability measure which is not
shift-invariant. However, every nonatomic Ss-invariant and ergodic probability
measure on % 4 is also shift-invariant.

Example 6.5. A nonatomic, symmetric but not shift-invariant measure on an SFT.
If
A= (311),
011
then the point ...000012222... is fixed under S4, but not under the shift, and

carries an atomic, S4-invariant probability measure which is not shift-invariant,
and whose orbit under the shift is infinite. In order to obtain a nonatomic example

we set
11
A=[1111
0011
0011

and consider the unique S4-invariant probability measure on the set {x = (z) €
Ya:290=2 and z_j € {0,1}, 2 € {3,4} for every k > 0}.

=00

Example 6.6. An irreducible, aperiodic, Sa-invariant SFT X 4 C X 4o which is not
determined by its alphabet. Let
A= (66%), A = (éé?).
100 100

Then ¥ 4. has the same alphabet as ¥4 and is irreducible, aperiodic and S4-
invariant. This example shows that the irreducible, aperiodic and S4-invariant
SFT’s ¥4 C ¥4 which arise in Theorem 6.2 are not necessarily of the form ¥ 4 NS%
for some subset S C {0,...,n —1}.

7. QUESTIONS AND REMARKS

7.1. Weak mixing. As in Section 1 we let V. = (V},, &k > 0) be a sequence of
nonempty, finite, totally ordered sets, put Xv = [[,.~q Vi, assume that Y C Xy
is a nonempty, closed subset satisfying (M), write Ty for the adic transformation
of Y, and define the m-weights w,,(y), y € Y, by (2.13). In the case of a full shift
with an adic-invariant measure, Ty has an eigenfunction with eigenvalue ¢ only if
¢wm(¥) — 1 y-a.e. How general is this statement?

Conditions for existence of eigenfunctions in the stationary case were developed
in [33] and [50]. We conjecture that even in the measure-preserving Bernoulli case
on the full 2-shift the adic transformation Ty is weakly mixing: ¢¥m»®) — 1 p-
a.e. implies that ¢ = 1. It is not difficult to see that Ty is topologically weakly
mixing. Also, because of the self-similar structure of Pascal’s triangle modulo a
prime [29, 35], Ty cannot have an eigenvalue (other than 1) that is a root of
unity. If ¢ is not a root of unity, perhaps ¢*=(®¥ is even almost surely uniformly
distributed in the unit circle, or at least dense. Conceivably, it is not convergent to 1
down every path inside Pascal’s triangle. Consider the skew product transformation
T(z1,22,23,...) = ((21, 2122, 2223, ...) on the infinite torus. For ¢ not a root of
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unity, it is well known that this is uniquely ergodic, and so, as we look at any fixed
coordinate in the successive members of the orbit of any point, we see a uniformly
distributed sequence. If we flip a coin with probabilities @ and 1 — « of heads and
tails, and each time the coin comes up heads we shift our view one coordinate to
the right, will we still see, with probability 1, a uniformly distributed, dense, or at
least not convergent to 1 sequence?

7.2. Super-K. Let us say that a finite-state process (P, T), where T is a measure-
preserving or nonsingular transformation on a probability space (X, u) and P is a
finite measurable partition of X, is (one- or two-sided) super-K if the associated
(dependent, transient) random walk on P x {0,1,2,... }‘P‘, which keeps track not
only of which symbol appears (i.e., which atom of P is entered) at each time n,
but also how many times each symbol has appeared up to time n, has (one- or
two-sided, respectively) trivial tail. We have shown above that certain processes
with Gibbs measures, including all mixing Markov processes, are two-sided super-
K. Are there other natural examples, for example processes with the right uniform
rate of mixing? Does every K-system have a super-K generator?

7.3. Invariant measures. In Section 6 we identified the shift- and Ss-invariant
measures on subshifts of finite type. More generally, if ¢ is a continuous map on
Y 4 taking values in an arbitrary countable, discrete group G with finite conjugacy
classes, what can be said about the set of Sﬁ—invariant measures on X4? It is
not difficult to check that, if ¢ takes values in a finite group, then the only Sﬁ—
invariant measure is the measure of maximal entropy on X4 (i.e. the unique R4-
invariant measure). More generally, if G is a countable, discrete group with finite
conjugacy classes and G’ a finite group, and if : ¥4 — G and ¢': ¥4 — G’ are
continuous maps, we denote by (¢,9'): ¥4 — G x G’ the product map and leave
it as an exercise to show that the set of nonatomic, shift-invariant measures which
are invariant under SZ coincides with the corresponding set for Sff’w/).

7.4. Asymptotic formulae. Let A = (A(i,7), 0 < 4,5 <n —1) be an irreducible
and aperiodic 0-1-matrix, P = (P(3,7), 0 < 7,5 < n — 1) a stochastic matrix which
is compatible with A, and p the probability vector satisfying pP = p. By (4.1), the
shift-invariant Markov measure fip in (4.3) is quasi-invariant under the relation S
appearing in Example 2.2, and is equivalent to the Gibbs measure puog p (cf. (4.2)).
We define g : S +—— Z#/"” as in Examples 5.3 and 5.4, and set

Yo(0,x) = 0 € ZE/mE,
do(m,z) = 3 Yo(0* (),
k=0
[8]}m = {z € Ejg co(m+1,2) =s}

for every m > 1, s € ZZ/ML and x € Y 4.

The following proposition, which gives necessary and sufficient conditions for
a (quasi-invariant) Markov measure to be ergodic for the symmetric equivalence
relation ST (equivalently, the adic transformation T;X) on the SFT X%, should be

—

compared with Theorem 2.5.

Proposition 7.1. The following conditions are equivalent.
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1) The measure jip is ergodic under the adic transformation T:, (or, equiva-
b
A

lently, under the relation S7).
(2) For every Borel set B C ¥},

(B O [ + 1,5)]n O [m))

m—co  fip([[to(m + 1, 2)]]m N [Zm]m)
Bt Lol
= [etm 4 L)) rB) Reac

(3) For everyi € {0,...n— 1},

lim fr([io N [[Yo(m + 1, 2)]]m N [@m]m)
m—co  fp([[Yo(m, 2)]Jm N [Tm]m)

o E2(0 [o(m £ 1,2)])
m—00 e ([[o(m, z)]]m)

Proof. Put Rgim) = {(z,2") € S} : x = 2}, for k > m}, m > 0, write B(;;m) for
A A

the sigma-algebra of Rglm)

A

=p(i) fip-a.e.

-saturated Borel subsets of ¥, and set

For every m > 0, RX(*’m) is the smallest sigma-algebra with respect to which the
maps ¥o(k, ), k > m, are measurable.

As we saw in the proof of Theorem 4.3, there exists a finite partition O, ..., O,
of X% into closed and open subsets such that the restriction of fip to each O; is
ergodic under RZ,, N(0; x O;). From the choice of the map h in (3.14) and Remark

A
4.4 it is furthermore clear that each of the sets O; can be chosen as

JEF;
where F1, ..., F), is the partition of the alphabet Z/nZ into R*E+-equivalence classes
A
of symbols, and that

B;X ={01,...,0,} (mod fip).
If BC EX is a Borel set, then the martingale convergence theorem implies that
Jim Fap (15|BE™) = By (16183
fip -a.e. and in L' (27, Bxx,ﬁp). In particular, if fip is ergodic, then

lim fp(B N [[o(m +1,2)]lm N [Tm]m)
m—oo  [ip([[o(m + 1,2)]lm N [Zm]m)
1

= lim -—
m—inf ty fip([[Yo(m + 1,2)]]m N [Tm]m)
l/lim hﬂB*Tm) Lo (m+1,2)]]mN[zm]m TAP

= jip(B) fip-a.e.,
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since [[s]]m N [{]m € B(;;m) for every s € Z{%*"=1} and i € Z/nZ. The omission of
A

the terms [z, ], is equivalent to replacing [[¢o (m+1, 2)]]mN[Zm]m = [[Yo(Mm)]]m-1N
[[Yo(m+1,z)]]m by [[o(m~+1, x)]],, and does not affect the calculation. This shows
that (1) implies (2) and hence (3).

Conversely, if fip is nonergodic, the description of the sigma-algebra B;X shows

that, for every i € Z/nZ, Ep,(1y,|B%,) = 0 on X3 N\ Oj, where
A
0, = U{[i']o i’ € {0,...,n — 1} is Sh-equivalent to 4}.

It follows that there exists, for every sufficiently large m, a set C' € B(;;m) of the

form C' = [[sm]lm N -+ N [[Sm+j]lm+; or, equivalently, of the form o= [i]m N
st M-~ 1 [ ]l 5o with

fp(1, N C) 1 / (rm)y -
= 1 'E*P 17;0 B : d
p(C)  p(0y ) 1o B lulBe) diie
iip([io) _ p(i)
2 2

Since the measure jip is Markov,

fip([ilo 0 C) _ mp([ido O [[smllm O [i]im)
ir(C) fp(([smllm N [i]m)
From the two different ways of writing C it is clear that the terms [z,,]» can be

omitted in this calculation. We have proved that (3)—and hence (2)—cannot hold
if ip is nonergodic. |

Proposition 7.1 has combinatorial consequences whose direct proofs appear quite
difficult in all but the most elementary cases. Let A = (11), ©§ = =, and let
P = (2%) be a stochastic matrix which is compatible with A, i.e. which satisfies
abed > 0. We denote by p = pp the shift-invariant probability measure defined
n (3.1), where p is the probability vector satisfying pP = p. Since p = fip is
equivalent to the Gibbs measure fi104 p, Theorem 4.3 and Remark 4.4 imply that u
is ergodic under S5, so that y must satisfy the equivalent conditions (2) and (3) in
Proposition 7.1.

For i,j € {0,1}, m > 1 and s = (sp, s1) with sg + s1 =m + 1, let

gy = Ao N [[(8]]m A []m)
Qij(s) o0) .

If C = [ig,...,im]o C X4 with Yoty =81, 55 =m' +1— s, and 8’ = (s0, 81),

then
w(C N [[s]]m N [5]m)
(<)
and Proposition 7.1 implies that
i, m+1,z)—¢
(7.1) T e Gl )=5)
m—oo Qjm,,wm (wo(m + 1,1’) — SH)
for p-a.e. x € ¥, and for any s’,s” € N2. In other words, Proposition 7.1 is a
statement about ‘amnesia’ concerning the initial coordinates of the points z € ¥7.
In this special case the quantities Q;;(s) can be determined explicitly (as sums

= Qinl’j(s - SI)7
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of products of binomial coefficients and other factors), but the verification of the
convergence
(e(m) _
lm Qu"=8)
m— oo Qi’j (S(m) — S”)
in (7.1) for suitable sequences (s("™) = (sgm),sgm)), m > 1) with sl(-m) — oo for
1 =0, 1 looks forbidding.

7.5. Interval splitting. There should be some consequences for interval splitting
of the ergodicity of Markov measures for the Pascal adic on the full shift. Perhaps
if intervals are split in different proportions depending on whether they arose as the
left or right half of a previously-split interval, the resulting division points would
still be uniformly distributed. Weak mixing of the Pascal adic might imply uniform
distribution in a rectangle if two intervals are split simultaneously.

7.6. Dynamics. What are the joinings of the adic transformation on the full 2-
shift with two different Bernoulli measures? Are these adic systems disjoint, or at
least not isomorphic? A very general problem is to describe the dynamics of the
measures found in our above theorem, especially in case the equivalence relation
Sfr consists of the orbit relation for a single nonsingular transformation.

7.7. Possible applications. Subshifts of finite type are important for the design
of actual communication systems, especially in magnetic recording. In biological
or materials science applications (say polymer building) SFT’s might arise from
something like the momentary disabling of a receptor: receipt of a certain symbol
could make the receptor momentarily sensitive only to certain other symbols. If
we want to model a signal recorded with constraints of the kind imposed by mem-
bership in a subshift of finite type (for example to record efficiently on a disk that
has already been used), in the absence of further information it might be reason-
able to assume that the statistics of the signal are given by a measure with some
of the symmetries discussed above. For example, as in de Finetti’s motivation for
exchangeability (the distribution of repeated samples should be independent of the
order in which they are drawn), perhaps it is natural to assume that cylinder sets
in the SFT which map to one another under permutations of finitely many co-
ordinates (or are symmetric in some other respect) have equal probabilities. For
applications, the case of higher-dimensional actions needs serious development. The
general situations connected with SfﬁJr—invariance (which can keep track of accu-
mulated symbol or transition counts or derangement effects) might reflect a cost
associated with sending or receiving certain signals, or a hysteresis or memory in
materials. In image enhancement and pattern generation and recognition, symmet-
ric Gibbs measures could account for the presence of texture, like bands or dapples
[1, 12]. Knowing their dynamics, for example spectral properties, could help to
filter out such background by using appropriate transforms, to code signals better
by taking the structure into account, or to detect boundaries between regions with
different textures. The presence of discrete spectrum might reflect subtle rhythms
(periodic or aperiodic regularities different from spatial regularities, which are con-
nected with the dynamics of the associated shift transformations). Weak mixing
would be tantamount to the lack of any such almost periodic structure and might
indicate resistance to filtration by Fourier methods.
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